INTRODUCTION
In the present paper we study the asymptotic behavior, as t --f CO of a semigroup S of nonlinear contractions on a closed convex subset C of a real Hilbert space H. Section 2 is devoted to the study of the weak convergence of a trajectory {S(t)x},>., of S as t -+ 00. Recently R. Bruck [I] introduced a condition on the generator A of S which he called demipositivity.
This condition suffices to guarantee the existence of a weak limit of S(t)x as t -+ cc for each x E C. The main result of section 2, theorem 2.1, gives a necessary and sufficient condition for the weak convergence as t + 00 of a single trajectory {S(t)x},,, of S. From this result we deduce several simple sufficient conditions for the weak convergence of a single trajectory and for the weak convergence of all the trajectories. Among other things, we also prove that the demipositivity of A implies our sufficient condition for every s E C. Section 3 is devoted to the study of the strong convergence of trajectories of a semigroup S as t 4 co. This subject was investigated by Dafermos and Slemrod [2] , Bruck [I] and H. Brezis [3] , [4] . The main results of Bruck and Brezis concerning, strong convergence, deal with semigroups generated by subdifferentials of 1.s.c. (lower semicontinuous) convex functions. The results of Dafermos and Slemrod deal with the behavior of S under the hypothesis that the w-limit sets are nonempty. In [3] and [4] , H. Brezis also studies the strong convergence of S(t)x as t l 00 in the case that F, the set of fixed points of S has a nonempty interior.
For this case he proves that every trajectory so converges strongly to a fixed point of S as t -00. We give a short elementary proof of this resutt. Then we proceed to study the behavior of S'(t)x when F does not have interior points, but still is sufficiently "large". We give a necessary and sufficient condition for the strong convergence of a trajectory S(t)x as t ---f CO in the case that the closed affine subspace spanned by F has codimension 1. At the end of section 3, we study briefly the behavior of S(t)x in the case that the set F of fixed points of S is empty. Among other things, we show that if S is generated by a subdifferential and F = 0, then every trajectory tends strongly to infinity as t -+ co.
PRELIMINARIES AND NOTATIONS
Throughout this paper H will denote a real Hilbert space with inner product (., *), C a nonempty closed convex subset of El, and S a semigroup of contractions on C. (That is, S = (S(t) : t 3 0} is a family of nonexpansive mappings of C into itself such that S(0) = I, S(t, + tz) = S(t,) S(t,) for all t, , t, E [O, co) and S(t)x is continuous in t E [0, CKI) for each x E C.) "lim" and "+" refer to convergence in the norm topology, while "wJim" and I'-" denote weak convergence. A will be a possibly multivalued monotone operator, i.e., a subset of H x H for which [xr , yr] , [x2 , ys] E A implies (yr -yz , x1 -x2) 3 0.
For a systematic exposition of the theory of monotone operators and semigroups of contractions in Hilbert space, see [3] and [5] . We shall describe here briefly the results of this theory which will be used in the present paper. This initial value problem has a unique solution for every x E D(A). We define S(t)x =: u(t). This defines the semigroup S(t) on D(A). Since S(t) is a contraction mapping, its definition is extended to D(A) =: C by continuity.
For x E D(A)
one has S(t)x E D(A) for every i 3 0 and moreover, S(t)s is differentiable from the right for all t 2 0 and
A"y denotes, as usual, the element of minimum norm in the closed convex set Ay. Since Am' is maximal monotone together with A, F is always a closed convex subset of C. Finally, we use some terminology and notations from classical topological dynamics. For x E C we denote by w(x) the (possibly empty) set W(X) = (y : y E C, y = $mJ S(t& for some sequence t, ---f co} (1.5) 3 U(X) is called the W-limit set of X. If W(X) # ,o, then it is clearly closed and invariant under the action ot! S. Further interesting properties of W(X) can be found in [2] .
For x E C we denote by ww(x) the (possibly empty) set Q(X) = {y : y E C, y = w,-&r S(t& for some sequence t, -+ w>. (1.6) n w.Jx) is called the weak w-limit set of X. It is nonempty whenever the trajectory S(t)x is bounded.
WEAK CONVERGENCE
The main result of this section is: THEOREM 2.1. Let S be a semigroup of contwztions on C C H and Let x E C. The following two conditions are necessary and suficient for the existence of dim,,, S(t)x:
Proof. Let A be the generator of the semigroup From the maximality of A we deduce that y E D(A) and 0 E Ay. Therefore, F # o and {y} = wu;(x) CF. Thus the conditions (a) and (b) are necessary.
We shall now prove that they are sufficient. Since F # o , 1) S(t)x jJ is bounded.
If y E F, then the function t * (1 S(t)x -y Ij is monotone nonincreasing and therefore converges to a limit as t -j CO. Denote Assuming that x1 # x2 and letting t -+ co we obtain
This contradicts the definition of p. and therefore also in the case p,, > 0 Foe is a singleton. Let Fo, = (p}. We shail now prove that S(t)x--p as t -+ co. Suppose this is not true, then there exists a sequence t, -+ co such that wlc>x -q fp. But II Wdx -P II2 = II w,)x -9 /I2 + qq?& -q, q -p) + I) q -p 112.
Letting tk -+ co we obtain PO2 = #&I2 + II 4 -P II2 > Pkd".
Since Fpcg) # .@ this contradicts the definition of p0 . Therefore S(t)x -p and the proof is complete. 1 A. PAZY The weak limit of S(t)% when it exists, can be characterized using the following lemma of Baillon and Brezis [q.
LEMMA 2.2. Let S be a semigroup of contractions on CC H. If F $: o and P is the projection on F, then limt,, PS(t)x exists fog every x E C.
Proof.
Since P is a projection we have
UEF.
Substituting v == S(t f h)x and u = PS(t)x we obtain II PS(t + h)x-PS(t).t I!'? < /I S(t + h)x--Ps
(t)x 1/2-/j s(t + h)x--PS(~ + h)x /F < I/ S(f)X--PS(t)x 1/2-// S(t + h)x-PS(t + h)" 112.
Since t t+ 11 S(t)x -PS(t)x (I2 is monotone nonincreasing, it follows that PS(t)x is a Cauchy net and therefore limt+m PS(t)x exists. a COROLLARY 2.3. If S(t)x converges weakly then
w-l& S(t)x = ;;$ PS(t)x (2.5)
Let S(t)x -y. From theorem 2.1 it then follows that F # ET. Therefore P, the projection on F, is well defined and lim,,, PS(t)x = p exists by lemma 2.2. From the definition of P we have (S(t)x -PS(t)x, u -PS(t)x) < 0 VUEF.
Letting t -+ co we obtain fr -P, fi -P) < 0 VUEF.
Since by theorem 2.1 y EF we may take u = y in (2.6) and therefore y = p. 1
Remark.
The proof of corollary 2.3 gives a simple alternative proof of the sufficiency of the conditions (a) and (b) in theorem 2.1. Indeed, assuming that %2)x -y for some sequence tk -+ co we deduce as in the above proof that p = Py. By the assumption (b) y E F and therefore y = p. Thus for every tj + CO, S(tj)x has a subsequence which converges weakly to p and therefore S(t)x-p as t-t co.
We have chosen the longer proof in theorem 2.1 since it is independent of lemma 2.2.
We shall now use theorem 2.1 in order to obtain several simple sufficient conditions for the weak convergence of trajectories of a semigroup of contractions, S. PR~P~SIT~~N 2.4. Let S be a semigroup of contractions on CC H. Let x E C be such that S(t)x E D(A) for t > T. If W,,,(X) # 0 and
then F # 0 and q,(x) CF.
Let y E w,(x) and let S(t,)x -y. If [w, w] E A then (w, ZJ -S(t,)x) 3 (AOS(t,)x, o -S(t,)x).
Letting t, -+ CO we obtain (w, e, -y) 3 0 V[u, w] E A. The maximality of A then implies that y E D(A) and 0 E Ay i.e., y ~3'. fl
An immediate consequence of proposition 2.4 is: COROLLARY 2.5. Let S be a semigroup of contractions on CC H and let x E C be such that S(t)x E D(A) for t > T. If ww(x) # 0 and AOS(t)x -+ 0 as ~+OO thenF+ .B andw,(x)CF.
Let A be the subdifferential of a proper 1.s.c. convex function and let S be the semigroup generated by A on C = D(A). For such semigroups we have S(t)x E D(A) for every x E D(A) and t >O. Moreover, if F # 0 then AOS(t)x+O as t--t co for every x E C. Therefore, the following important result due to R. Bruck [I] follows readily from corollary 2.5. THEOREM 2.6. Let go be a proper I.s.c. convex function. Let A = 3~ and let S be the semigroup generated by A m C = D(A). If F # 0 then w-lim,,, S(t)x = S( co)x exists for every x E C and S(GO)X E F.
Our next condition for the weak convergence of a trajectory is given in terms of the semigroup itself. Proof. Let y E w,(x) and S(t& -y. For every h > 0 and u E D(A) we have:
Passing to the limit as t, -+ cc in (2.9) and using (2.8), we obtain ((I-WNu, u -y) 3 0. vu E D(A).
(2.10)
Substituting uA = (1 -A) y $ h . S(h)y, 0 < h < 1, for u in (2.10), dividing by h and letting h---f 0 we find /I y -S(h)y (I2 < 0 for all h >, 0. Therefore, Ff ia andyEF. 1
In order to obtain weak convergence results for all x E C it is sufficient to prove the weak convergence of S(t)x for x in a dense subset of C. This follows from the next lemma and theorem 2.1.
LEMMA 2.8. Let S be a semigroup of contractions on C. Let F be a closed subset of C. If wW(x) C F for all x E D C C then W,(X) C F for all x E a.
Proof. Let x E D and let X, -+ x with X, E D. If y E WJX) then there exists a sequence t, --f co such that S(t,)x -y. For every fixed n the sequence jj S(t,)x, /) is bounded and therefore S(t,)x, has a weakly convergent subsequence %cj)X, -Yn . Clearly ypL E W(XJ C F and From (2.11) it follows that y,, -+ y and since F is closed y E F. fl In [l], R. Bruck introduced the notion of a monotone demipositive set as follows: DEFINITION. A monotone set A is demipositive if F = A-r0 # ,@ and there exists a x0 E F such that X, -X, yn E Ax, , Ij yR ]J bounded and imply x E F. lim(y, , x, -x0) = 0 n+m PROPOSITION 2.9. If A is a maximal monotone demipositive set and S is the semigroup generated by A then for every x E D(A), ww(x) CF.
Proof. Since F is closed, it follows from lemma 2.8 that it is sufficient to prove that WJX) cF for every x E D(A). Let x E D(A) and let y E w,(x) such that S(t& -y.
Let x0 E F be the element of F given by the definition of demipositivity, then bj $ It S(t)x -x0 Ii* + (AOS(t)x, S(t)x -x0) = 0 (2.12) and therefore the function t ++ 11 S(t)x -x0 j/ is monotone nonincreasing. From (2.12) it also follows that h(t) = (AOS(t)x, S(t)x -x0) is in Ll(O, co). We shall now prove that there exists a sequence sk, such that sk + co, ~(sJ -+ 0 and S(4x -y. From the demipositivity of A it will then follow that y E F, and the proof will be complete.
For every E > 0 let P, = (t: h(t) > c}. The measure of P, is finite since h(t) ~Lr(0, co) and therefore P, can contain at most a finite number of the intervals (tk -E, t, + E). It follows that there exists an s as large as one wishes such that h(s) < E and 1 t, -s ] < E for some t, large enough. We can therefore choose a sequence si such that; sj --f 00, / sj -tkj 1 < lb and h(sj) < l/j. Since jl AOS(t)x 11 < (1 Aox /I we have
II S(t,,)x -S(+ II < II Aox II I tkj -sj I < II Aox II -i-l and therefore S(sJx -y as desired. 1
The following corollary is due to R. Bruck [l]. Proof. Since F is closed, it follows from Lemma 2.8 that it is sufficient to prove that We C F for every x E D(A). Let x E D(A) and let u E F. From ; ; II S(t)x -u II2 + (AOS(t)x, S(t)x -u) = o and (2.14) it follows that ; $ /I S(t)x -II II2 + OL I/ AOS(t)x /I2 < 0 and therefore a r a (I AOS(t)x /I2 dt < 3 I/ x -u 112 (2.15) '0 Since I/ AOS(t)x (I2 is monotone nonincreasing it follows from (2.15) that AOS(t)x --+ 0 as t -+ co and therefore w,(x) C F by corollary 2.5. Therefore the following result due to R. Bruck [l] , is a direct consequence of Proposition 2.1 I. COROLLARY 2.12. Let A be a maximal monotone operator with F = A-l0 # a. Let A, be the Yosida approximation of A. If S, is the semigroupgenerated by A, then for every x E H, S,(t)x converges weakly to a fixed point of S(t).
Another class of monotone operators satisfying condition (2.14) is the ciass of lipschitz continuous 3-monotone operators. This is a consequence of the following lemma due to . Since (2.18) holds for every real p we obtain ;I Au, -Au, I/* < 4p2L (Au, , . 1~ Au, -Au, II2
which implies (2.17). 1
We conclude this section with a proposition which generalizes theorem 2.6. Proof.
We show that our assumptions on A imply that it is demipositive and the conclusion then follows directly from Proposition 2.9. Indeed, F # 0 by assumption. Choose any x,, E F and let x, -x, y,, E Ax,, , ( ym , x, -x0) + 0. For every u E D(A) and v E Au we have by the 3-monotonicity of A; 0 G (m t xm--.~oo) + (AOx,, , x0-u) + (v, u-x,) = (yn , x,-x0) + (v, u-x,) .
Passing to the limit as n + co we obtain (v, u -x) > 0 which by the maximality of ,4 implies x E F. 1
STRONG CONVERGENCE
We start this section with a result which is analogous to theorem 2.1. However, in the case of strong convergence it is straightforward, and less useful. A. PAZY
Proof. If S(t)x + p as t---f cc then we have S(s)p = fiII S(s) S(t)x = !iJI S(s + t)x I-p. (3.1)
Therefore p EF, F ;" G and (p} y-W(X) L F. On the other, if (a) and (b) are satisfied and p E W(X) then there exists a sequence t, ---f co such that S(,).z ---f p. For t > t, , say t =m t,. -T we have II S(t>x -P II = I/ qt, + .)x -S(T)P II < II S(t,)x -p/I and therefore S(t)x -+p. 1
From theorem 3.1 we deduce the following two simple corollaries in the same way that this was done in the case of weak convergence. then S(t)x -+ p E F.
Note that whereas F # o implies that ww(x) # o for every x E C, this is not the case for o(x). Therefore, in Theorem 3.1 we have to make the explicit assumption that W(X) # @. The folIowing proposition, which is a special case of theorem 3 of Dafermos and Slemrod [2], gives a general criterion for W(X) # o to hold. We continue with some further results which assure the strong convergence of S(t)x. LEMMA 3.5. Let S be a semigroup of contractions on CC H. If there exists a subset V C H with int V # @ such that t M I/ S(t)x -v I/ is monotone nonincreasing for every v E V, then F # o and lim,,, S(t)x = S(co)x E F. Proof.
Let v. E int V and assume that V, + pu E J/for every u with 11 u j/ < 1. Let t > s > 0. From 11 S(t)x -v. -pu 112 < lj S(s)x -v" -pu Ii2 it follows that 2p(S(s)x -S(t)x, 21) < 1; S(s)x -v. I,2 -ii S(t)x -vO ~I2 (3.3) and therefore ,, S(t)x -S(s).\: (! < J-(11 S(s)x -v. 112
which implies the convergence of S(t)x. F rom theorem 3.1 it follows that the limit of S(r).r is in F. 1
Since for every z! E F the function t ++ Ij S(t)x -v 11 is monotone nonincreasing, Lemma 3.5 implies the following result due to Brezis [4] . In the proof of theorem 3.7 we shall need the following lemma. LEMMA 3.8. Let F be a subset of H and let A(F) be the closed a&e space spanned by F. For every x E F let 9Tz be a sphere centered at x and having a nonnegative radius p(x), i.e., cV;, = (y:y~ H, ijy -x/l = p(x)}, and let Y = nxEF .yr If codim F(A) = 1, then 9' contains at most two points.
Proof. Let a, b E Y. For every x E F we have I/ x -a I/= ,' x -b 11. Therefore F is included in the affine subspace of codimension 1 which has equal distances from a and 6. If a, 6, c are three points in .9 then if they lie on a straight line, we clearly have F # 0. If a, 6, c do not lie on a straight line, then F must be included in the intersection of two different affine subspaces of codimension 1. Thus F is contained in an affine subspace of codimension 2. This contradicts our assumption that codim A(F) = 1. Therefore Y contains at most 2 points.
Proof of Theorem 3.7. For every u EF the function t t+ I/ S(t)x. -u jj is monotone nonincreasing and therefore lim,,, 11 S(t)x -u 11 = p(u) 3 0. If y E w(x) then clearly iJ y --u jl = p(u) for every u E F and therefore W(X) C Y m_ nutF -U; . By our assumption W(X) ;i-n and therefore .Y ,I I' . From the previous lemma, it then follows that 9 contains either a single point or two points. If W(X) =:: {p, 4) then by the invariance of W(X) under the action of S and the continuity of S(t)p and S(t)q it follows that p, Q E F. This however is impossible if q # p since S(t,)x ---f p E F clearly implies S(t)z 4 p as t + co. Therefore W(X) consists of a single point p and S(t).r + p as t --+ X. m
We conclude this section with a few remarks concerning the strong convergence of S(~)X to infinity. If S is a semigroup of contractions on a closed convex set (1, we say that it is bounded if all trajectories S(t)x, x E C of S(t) are bounded in H. Since 11 S(t)x ij :I 1 S(t)y '1 j-1' S(t)x -S(t)y ,; < 1~ S(t)y I: + i' . T -3' I (3.4) it is clear that if one trajectory of S(t) .
IS b ounded, then all the trajectories of S(t) are bounded. A very special type of bounded trajectories are the fixed points of S(t). Thus if F + 0, then S is a bounded semigroup.
The converse is also true and we have: Taking t = t, in (3.6), dividing by t, and letting t, + co we obtain (zL', z' -y)>O for every [u, w] E A. The maximality of A then implies that y E D(A) and O~Ayi.e.,yeF. 1 Theorem 3.8 was first proved by Crandall and Pazy [7] using a more complicated argument. The present proof is motivated by the arguments of Baillon and Brezis [6] .
From theorem 3.8, it follows that if F = CI or equivalently 0 $ R(A) (the range of A), then lim+zup 11 S(t)x I/ =: co vx E c (3.7)
A natural question at this point is whether or not we have:
pi! 11 S(t)x Ij = 03 vx E c. where a0 is the element of minimum norm in R(A), the closure of the range of A.
Proof. Since R(A) is closed and convex it has a unique element of minimum norm. Let a0 be the element of minimum norm in R(A) and let X, E D(A), yn E Ax, be such that yn -a0 as n -cx). We then have II a0 II < II A4°W)x, I' < II Aox, !I < I/ yn !I (3.10) and therefore ]j AOS(t)x, // + /I a0 /I. M oreover, since a0 is the element of minimum norm in R(A) we also have II A"Wx, -u" /I2 = II AOS(t)x, /I2 -2(a0, AOS ( Given c > 0, we fix an n so large that ji HS(T)X, -us I! < E and then let t ---f CE to obtain and therefore S(t)/t ---a". 4
From theorem 3.10 it follows that if 0 $ R(A) then we clearly have (3.8) and moreover As we saw above if we only have 0 E R(A) then (3.8) may fail. In certain cases however, OE R(A) implies (3.8) . If for some yu E C, lim inf,,, /I S(t)y, 11 < cc then the same is true by (3.4) for every x E C and in particular for S(t)x, . Let S(t,)x,, -u then which holds for such semigroups (see e.g., Brezis [3] , theorem 3.2). Therefore we have the following corollary:
